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Dense QCD and neutron stars: why study now?
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Dense QCD and neutron star study is very old research field. 
But, now is the most exciting period because

- Astrophysics: NICER, GW170817, NANOGrav… 

- Dense QCD

qualitative features of the equation of state (EoS) is emerging

thanks to the recent progress in …
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Recent theoretical progress in dense QCD
- Four-loop calculations of perturbative QCD (pQCD) EoS 

- Lattice QCD at finite isospin density 

- Nuclear EoS from chiral effective field theory ( EFT) 

- Hadron-hadron interaction from the lattice QCD 

- Lattice QCD at  at finite baryon density 

- Hamiltonian formalism of QCD in (1+1)-dimensions on the lattice

χ

Nc = 2

3

Gorda et al., PRL121 (2018), PRL127 (2021), PRL131 (2023); Kärkkäinen et al. (2025)

Brandt,Endrodi,Schmalzbauer, PRD97 (2017); Brandt,Cuteri,Endrodi JHEP2307 (2023); 
Abbott et al. (NPLQCD), PRD108 (2023), PRL134 (2024)

Tews et al. (2013); Drischler et al. (2020); Keller et al. (2022); … many other works

e.g. Iida,Itou,Murakami,Suenaga (2024)

HAL QCD; NPLQCD; CalLat Collaborations…

Hayata,Hidaka,Nishimura (2023)

Paatelainen, Tue 16:30
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EoS from first-principles calculation of QCD
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Nuclear density: nsat = 0.16 fm−3

Constraints from 
astrophysics 
(Bayesian, 

machine learning, etc.)

Fujimoto,Reddy (2023); 
Lattice: Abbott et al. (NPLQCD) (2023, 24)

Tews et al. (2013); 
Drischler et al. (2020); 
Keller,Hebeler,Schwenk(2022); 
& many others

Freedman,McLerran(1978); 
Baluni(1979); 

Kurkela,Romatschke,Vuorinen, 
Gorda,Säppi, 

Paatelainen,Seppänen+(2009-)
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Emerging picture of neutron star EoS
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Figure based on method by Altiparmak,Ecker,Rezzolla (2022)
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Emerging picture of neutron star EoS
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GW170817: 
small tidal deformability

Measurements of heavy 
neutron stars ∼ 2M⊙

Perturbative QCD 
P ≃ cμ4, ε ≃ cμ4/3, n ≃ 4cμ3

Absence of large 1st-order PT ( )v2
s ≠ 0

e.g. Gorda,Komoltsev,Kurkela (2022); 
Komoltsev, Somasundaram et al. (2023)

Demorest et al. (2010);; 
Bedaque,Steiner (2015); 

Tews, Carlson et al. (2018); 
Fujimoto,Fukushima,Murase (2019) 

& many works

LIGO-Virgo (2017); 
e.g. Annala et al. (2017); 

Drischler, Han et al. (2020)

Figure based on method by Altiparmak,Ecker,Rezzolla (2022)

Brandes,Weise,Kaiser (2023) 
& many other works
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Outline

1. Progress in dense QCD and applications 

 a) Lattice QCD at finite isospin density 

 b) Perturbative QCD at large baryon density 

2. Open question: 

Deconfined quark matter insider neutron stars?

7
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QCD at finite isospin density
- No sign problem → EoS can be measured on the lattice! 

- Isospin chemical potential (conjugate to isospin density ): 

                                               

- Phase structure:

I3

μu = μI

2 , μd = − μI

2

9

Alford,Kapustin,Wilczek (1999); Kogut,Sinclair (2002-); 
Beane,Detmold,Savage et al. (2007-); 

Endrodi et al. (2014-)…

mπ
μI

Son,Stephanov (2000); 
Brandt,Cuteri,Endrodi (2022) ⟨d̄γ5u⟩ = 0

⟨π+⟩ ≠ 0 ⟨d̄γ5u⟩ ≠ 0
BEC BCS Cooper pairing

Chelnokov, Wed 9:00

pion condensation - 2nd order transition

deconfinement - 1st order transition
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QCD at finite isospin density
Recent impact: 
  EoS is calculated up to  by lattice QCD in the continuum limitμI ∼ 3 GeV

10

Abbott et al. (NPLQCD) (2023, 24)
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Applications of QCD at finite isospin density

1. Bound on the nuclear matter EoS through the QCD inequality 

2. Direct comparison with the weak-coupling calculations: 
the superfluidity gap

11
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QCD inequality for pressure : P ∝ log Z
PB(μquark = μB

3 ) ≤ PI(μquark = μI

2 )

1) QCD inequality and EoS bound

12

Pressure of finite-  QCD 
(what we want to know)

μB
Pressure of finite-  QCD 
(what we already know 
from lattice QCD)

μI

Cohen (2003); Fujimoto,Reddy (2023); 
see also: Moore,Gorda (2023)

Inequality among observables from path integrals Weingarten (1983); Witten (1983)

Inequality considered here:

NB: this is for symmetric nuclear matter
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1) QCD inequality and EoS bound

13

Fujimoto,Reddy (2023)

From 
- Causality:  
- Integral version of inequality: 

   , 

 can be constrained 

Then, from the relation 

dnB/dμB > nB/μB

∫
μB

μ0

dμ nB(μ) ≤ PI(2μB/Nc)

nB(μB)

ε = − P + μBnB
Soft EoS at large  

is excluded

Kurkela,Komoltsev (2021)
Lattice data: Abbott et al. (NPLQCD) (2023, 24)

Heavy-ion: Oliinychenko et al. (2022)
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1) QCD inequality and EoS bound
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Fujimoto,Reddy (2023)

From 
- Causality:  
- Integral version of inequality: 

   , 

 can be constrained 

Then, from the relation 

dnB/dμB > nB/μB

∫
μB

μ0

dμ nB(μ) ≤ PI(2μB/Nc)

nB(μB)

ε = − P + μBnB
Soft EoS at large  

is excluded

Kurkela,Komoltsev (2021)
Lattice data: Abbott et al. (NPLQCD) (2023, 24)

Updated version (2024)
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2) Comparison w/ weak-coupling calculation

15

ln( Δ
μ ) = −

3π2

c

1
g

− 5 ln g + ln
256π4

e(π2+4)/12c
+ ⋯

 

(w/ pairing gap)

PpQCD + 6
μ2Δ2

4π2

 
(w/o pairing gap)
PpQCD

Son(99); Hong,Miransky,Shovkovy,Wijewardhana(99); 
Schafer,Wilczek (99); Pisarski,Rischke(99); Brown,Liu,Ren (99); 

Hsu,Schwetz (99); Wang,Rischke(01)

Lattice QCD

Weak-coupling formula:

pQCD band: scale variation

Abbott et al. (2024)

Fujimoto (2023)
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2) Pairing gap in the weak-coupling QCD
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ln( Δ
μ ) = −

3π2

c

1
g

− 5 ln g + O(g0)

 pairing gap in 
isospin QCD 

⟨q̄q⟩

c = 4/3

 pairing gap in 
CFL phase 

⟨qq⟩

c = 2/3

Astrophysical constraint on CFL gap
Kurkela,Rajagopal,Steinhorst (2024)

% correction to the EoS 
… Color-superconducting gap 

contribution is negligible 
in perturbative regime

≲ 0.01

Son,Stephanov (2000); 
Fujimoto (2023); 

Fukushima,Minato (2024)

… The same formula applies in isospin QCD 
     and color-flavor locked (CFL) phase

Steinhorst, Tue 17:10
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Outline

1. Progress in dense QCD and applications 

 a) Lattice QCD at finite isospin density 

 b) Perturbative QCD at large baryon density 

2. Open question: 

Deconfined quark matter insider neutron stars?

17
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Role of pQCD in constraining the EoS
- The pQCD input is useful in constraining EoS 

- The pQCD calculations leads to the EoS:  

                                                           … approximately conformal EoS 

- The pQCD constraint requires all the EoS to approach this value 

- Useful measure of conformality:  Trace anomaly   

- Conformal EoS may be a signature of quark matter

P ≈ 1
3 ε

Δ =
ε − 3P

3ε

18

Fujimoto, Fukushima, McLerran, Praszalowicz, PRL129 (2022)

See also: Marczenko,McLerran,Redlich,Sasaki (2022);  
Annala,Gorda,Hirvonen,Komoltsev,Kurkela,Nättilä,Vuorinen (2023)
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Behavior of the trace anomaly

19

Fujimoto,Fukushima,McLerran,Praszalowicz, PRL129 (2022)

Trace anomaly  Δ =
ε − 3P

3ε
1) Role of QCD 
2) Approximately conformal 

EoS in NS
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Behavior of the trace anomaly

20

Fujimoto,Fukushima,McLerran,Praszalowicz, PRL129 (2022)

Trace anomaly  Δ =
ε − 3P

3ε
1) Role of QCD 

 
Difference at high density 
→ QCD favors a soft EoS 
 

2) Approximately conformal 
EoS in NS

w/ QCD

w/o QCD

e.g. Gorda,Komoltsev,Kurkela (2022); 
Komoltsev, Somasundaram et al. (2023)
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Behavior of the trace anomaly

21

Fujimoto,Fukushima,McLerran,Praszalowicz, PRL129 (2022)

Trace anomaly  Δ =
ε − 3P

3ε
1) Role of QCD 
2) Approximately conformal 

EoS in NS 
 
QCD favors conformal EoS 
around the NS core density 
→ onset of quark matter?

Approximately 
conformal EoS ( ) 

realized in cores of 
neutron stars

P ≈ ε/3

See also: Marczenko et al. (2022);  
Annala et al. (2023)
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Trace anomaly and speed of sound
Rapid approach to  naturally spikes Δ → 0 v2

s

22

Trace anomaly Δ =
ε − 3P

3ε
Sound velocity v2

s = ε
dΔ
dε

+ (1
3

− Δ)
Derivative Non-derivative

Fujimoto,Fukushima,McLerran,Praszalowicz, PRL129 (2022)
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Trace anomaly and speed of sound

23

Normalized trace anomaly: 
Δtr = (ε − 3P)/3ε

Sound speed: 
v2

s = dP/dε

Rapid approach to  drives the peak in  in actual dataε − 3P → 0 v2
s

Fujimoto,Fukushima,McLerran,Praszalowicz, PRL129 (2022)
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Outline

1. Progress in dense QCD and applications 

 a) Lattice QCD at finite isospin density 

 b) Perturbative QCD at large baryon density 

2. Open question: 

Deconfined quark matter insider neutron stars?
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Underlying degrees of freedom in EoS?

25

Phenomenological nuclear EoS

Phenomenological nuclear EoS describes the behavior well…

Akmal,Pandharipande,Ravenhall (1998)
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Underlying degrees of freedom in EoS?
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Phenomenological nuclear EoS

Phenomenological nuclear EoS describes the behavior well…

Is nuclear d.o.f. good up to the maximum neutron star density? 
→ No! Quarks must come into play, as baryons start to significantly overlap

Softening at high density

Akmal,Pandharipande,Ravenhall (1998)
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Underlying degrees of freedom in EoS?

27

Is nuclear d.o.f. good up to the maximum neutron star density? 
→ No! Quarks must come into play, as baryons start to significantly overlap
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→ appearance of color?

Annala,Gorda,Hirvonen,Komoltsev,Kurkela,Nättilä,Vuorinen (2023)
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Naive quark deconfinement does not work

28

∼ mN

Nuclear matter 
EoS

Quark matter 
EoS

Pressure P

Baryon chemical 
potential μB

1st-order 
phase transition with 

large density jump

Maxwell construction: Baym,Chin (1976); 
Cf. Crossover construction: Baym,Hatsuda,Kojo,Powell,Song,Takatsuka (2018)

Maxwell 
construction

EoS corresponding to the naive picture of deconfinement:

→ in tension with NS data
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Duality/continuity in dense QCD: Quarkyonic matter

29

McLerran & Pisarski (2007): Quarkyonic matter

Quark deconfinement at high density may not be that simple…

m2
D ∼

λ′￼t Hooft μ2

Nc
→ 0

μ = μB/Nc<latexit sha1_base64="Uisc2mFHCakAal+huan/ruUH9ww="></latexit>

… deconfinement is never affected by quark medium in large-  QCDNc

cf. similar situation can be found in
Rischke,Son,Stephanov (2001)

Son,Stephanov (2000)

Hands,Kim,Skullerud (2010); Iida et al. (2024)

Quark confinement persists in the regime quarks are natural degrees of freedom 
→ duality/continuity between the baryonic and quark d.o.f

- QCD at finite isospin density 
- Two-flavor color superconductor 
- Two-color QCD
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Upshot of the duality

30

fB

Non-trivial modification in baryon distribution:

This low-momentum part becomes highly suppressed due to the quark Pauli principle

Fujimoto,Kojo,McLerran, PRL 132 (2023)

Kojo (2021)

 → Phase space for baryons =   

                                                              for quarks   =  

kF,baryon = NckF,quark k3
F,baryon = N3

c k3
F,quark

k3
F,quark

 times largerN3
c
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Quarkyonic EoS & possible gravitational wave signal

31

McLerran,Reddy (2019)

At high density, Quarkyonic matter 
becomes quark matter 
→ EoS inevitably softens

Fujimoto,Fukushima,Hotokezaka,Kyutoku, PRL130 (2022); PRD111 (2024)
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See also: Ecker, Tue 16:10



2025 Yagi Award
https://ithems.riken.jp/en/about/yagi-award

“Kohsuke Yagi Quark Matter Award” (Yagi Award) is 
based on the donation to iTHEMS from bereaved family 
of late Professor Kohsuke Yagi who was a renowned 
Japanese nuclear physicist. Responding to the family 
request, the award aims to support early career scientists 
with Japanese nationality, to promote and expand 
country's nuclear physics research field. It will be 
awarded to junior Japanese physicists under age of 40 
who give plenary talk at the “Quark Matter: International 
Conference on Ultra-relativistic Nucleus-Nucleus 
Collisions” held in every 1.5 years.

Prof. Kohsuke Yagi (1934-2014)
Quark Matter 1997, Chair
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Summary
- Lattice QCD at finite isospin density: 

* Sets the lower bound on the nuclear matter EoS 
* Verifies the perturbative QCD calculations, particularly the pairing gap 

- Perturbative QCD: Constrains parameter space of the EoS at high density. Gives rise to the 
softening at high density. Trace anomaly is a useful measure in dense QCD. 

- Deconfinement at high baryon density: may not be simple. Confinement persists up to high 
baryon density and the duality between baryons and quarks is implied = Quarkyonic duality 

- Quarkyonic matter: As a result of the duality, the low-momentum part of baryon distribution is 
shown to be suppressed due to the quark Pauli principle, which leads to the crossover.

33

Thank you for your attention!
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Bonus materials

35
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QCD inequality
- Dirac operator:  ,  property:  

- QCD :  

- QCD :  

- From the relation : 

                   

𝒟(μ) ≡ γμDμ + m − μγ0 det 𝒟(−μ) = [det 𝒟(μ)]*

I ZI(μI) = ∫ [dA] det 𝒟( μI

2 ) det 𝒟(− μI

2 )e−SG = ∫ [dA] det 𝒟( μI

2 )
2

e−SG

B ZB(μB) = ∫ [dA] det 𝒟( μB

Nc
) det 𝒟( μB

Nc
) e−SG = ∫ [dA] Re [det 𝒟( μB

Nc
)]

2
e−SG

Re z2 ≤ |z2 | = |z |2

ZB(μB) ≤ ∫ [dA] det 𝒟( μB

Nc
)

2
e−SG = ZI(μI = 2

Nc
μB)

36

charge conjugation symmetry μB → − μB

Note: this is isospin symmetric because there is no isospin imbalance

Cohen (2003); Fujimoto,Reddy (2023); 
see also: Moore,Gorda (2023)

u quark d quark
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Direct use of QCD inequality

37

PB(μB) ≤ PI(μI = 2
Nc

μB)

Constant sound speed EoS: P(ε) ∝ v2
s ε

Soft EoS (smaller  at a given ) 
is excluded

P ε

v2
s = 0.1

v2
s = 0.3

v2
s = 1.0

Excluded by LQCD Lattice data: upper bound

Lattice data: Abbott et al. (2023);  Fujimoto,Reddy (2023)
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Bounds on nB(μB)
① Stability: 

   

② Causality : 

   

③ QCD inequality on the integral: 

  

d2P
dμ2

B
≥ 0 ⇒

dnB

dμB
≥ 0

v2
s ≤ 1

v2
s =

nB

μB

dμB

dnB
≤ 1 ⇒

dnB

dμB
≥

nB

μB

∫
μB

μsat

dμ′￼nB(μ′￼) ≤ PI(μI = 2
Nc

μB)

38

Properties  must satisfy:nB(μB)Komoltsev,Kurkela (2021);  Fujimoto,Reddy (2023)

Lower bound of the integral must be specified 
fix it to the empirical saturation property
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Bounds on P(ε)

39

Isenthalpic line:  h = μBnB = ε + P = const

P

εO

Pmin

Pmax

Pmin

Pmax P = − ε + h
h

nB = h/μB

by changing value of  , the trajectories of  ( ) 
gives the lower (upper) bound for 

h Pmin Pmax
P(ε)

Komoltsev,Kurkela (2021); Fujimoto,Reddy (2023)
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At finite temperature

40

HotQCD (2014)

 is slowly varying → Derivative component is irrelevantΔtr

v2
s ≈ P/ε

Trace anomaly Δtr =
ε − 3P

3ε
Sound velocity v2

s = ε
dΔtr

dε
+ (1

3
− Δtr)

Derivative Non-derivative
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Quarkyonic matter favors large sound speed
A partial occupation of available baryon phase space leads to large sound speed: 

                              →   

If baryons have underoccupied state, the change in density is small 
while the change in chemical potential is large

v2
s =

nB

μBdnB/dμB

δμB

μB
∼ v2

s
δnB

nB

41

fB

k

fB

k

ΔkF

1/N3
c

kF kF
→ Favor the crossover over first-order phase transition ( )v2

s = 0

Fujimoto,Kojo,McLerran, PRL 132 (2023)



Yuki Fujimoto (RIKEN-Berkeley) /33

Possible signature of Quarkyonic matter in experiment

42

Fermi (kF = 263.0 MeV)
IdylliQ (kbu = 100.0 MeV, ksh = 267.6 MeV)
IdylliQ (kbu = 123.6 MeV, ksh = 271.5 MeV)
IdylliQ (kbu = 180.7 MeV, ksh = 288.0 MeV)
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Electron scattering, Ee = 0.5 GeV, θ = 60 o

Koch,McLerran,Miller,Vovchenko, PRC 110 (2024)

Suppression in low-momentum part of baryon distribution explains the data well
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Possible relation of Quarkyonic matter to the phase diagram

43
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