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Plan of this talk

Geometry in quantum mechanics - Berry curvature and metric
Band structure as manifold in Hilbert space

- quantum geometric tensor of Bloch wave function

Linear response and quantum geometry

Nonlinear and nonreciprocal responses in quantum materials
Quantum metric in flat-band superconductors

Nonlinear optics as quantum geometric phenomena

Summary and perspectives



Manifold in Hilbert space

Subspace of Hilbert space parametrized by
the parameter set X\ = (A\{, Ao, ---, \p)

Often by the energy eigenvalues separated by gap

This subspace is regarded as a manifold, and can be
analyzed by differential geometry and topology.
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Berry connection and Berry curvature
M.V.Berry, Proc. R.Soc. Lond. A392, 45(1984)

|u()\)> depends on the parameter set A\ = (A1, Ao, -+, Ay)
(u(N)u(X +dN)) —1+Z N)[0ifu(A))dA;.

(Byu|u) + (u|du) = 2Re[(u|6‘iu>} =0 Az

A

a;(\) = i(u(\)]|0;|u(N\)) Berry connection C

<u()\)|u()\ + d)\)) = e}{p[—i Z @z()\)d)\g}
a;(A) = a;(A) —9;p(A)  gauge trans. " A

i (A) = 0;a;(N\) — 0ja;(N\) Berry curvature

jgd/la—j dsS - F




Quantum meftric

[djju(A)) = |u(A)) {u(A)]du(A)),
[diu(A)) = |du(A)) = Ju(A)) {u(A)|du(A))

ds® = ||dLu)]P = gi;(\dNiA,
distance between ’rheg"rjwo neighboring w.f.
9i3(A) = Re[(0iu(N)]0;u(A))] — ai(A)a;(N)

quantum metric tensor




Quantum Geometric Tensor

"U,()\» Quantum state which depends on the parameter set 4 = (44, -, 4,,)
P(A\) = |u(N){u(\)| Projection operator - gauge invariant
Gii(A) =Tr[P(N)O;P(N)0;P(N\)]  Quantum geometric tensor

G?Ij ()\) = (&u(/\)\@ju(/\)) — a@-()\)aj ()\) OJ@(A) = z(u(/\)\c?@\u(/\)) Ber'r'y connection

i
f|> Gij(A) = 9i;(A) = 5E35(A)
N2 = Quantum distance between the

ds® = ||dLu(\ Z gii (N dN\i )\,

F/,;j (A) = c%aj (/\) — 83-@?; (A) Ber'r'y curvature

neighboring states - quantum metric

n;kGl]n] >0 Positive definite



Quantum geomeftric tensor of an eigenstate of Hamiltonian

H(N)|ur(N) = Ex(A)[ur(A)) H = ho(\) + H(A) .G  2x2 Hamiltonian
0; H (M) |ur (X)) + H(N)|Dsup(N)) + 18 0 :t - (47 x 0,7)
= [0iEk(M]Jur (X)) + Er(N)]Oiur (X)) vood 1"

Feynman-Hellmann theorem i(\) = R(\)/|h(N)]
(ur (M0 H (A)|u(N)) = 0: B (A)
9. (g ‘d H (A \u;, (M) G~1/h(A)*  Monopole singularity at h(1) = 0
Grij(N) = (@jug|(1 — \uw(w )]0 uk)
— Z <diuk"um><um‘d uk)
m(#k)
o Z <uk‘83H ‘u-m)<u-m..‘8jH ‘UL>
o . _ D . .
m(#k) (Ek Em) kx/ \k




Linear response and quantum geometry
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Linear response and quantum geometry - Sum rule
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Quantum geometrical bound relations for observables

Koki Shinadal:*

and Naoto Nagaosal

External field

Conjugate operator

vector potential A
scalar potential ¢
electric field F/
magnetic field B

strain tensor Ju

electric current .J
electric density n

electric polarization P,

(A7 = [ A(w) /w” dw.

~

spin S

stress tensor o

21 4rXivi2507.12836
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Intra- and Inter-band matrix elements of current

Uncertainty principle

AxAk > 1 /

wave packaqt

<nk|J|nk>=-ev,

A

<nk|J|mk|>

<nk|J|nk>:—e<nk|%

<nk|J|mk>=—e<nk|w

\

e

| nk >=—e

mk >=—e(e., — ¢ ,)<nk|—|mk >
| (nk mk) |8k|

\

0s, (k)

>

0

k

Wavefunction matters |l

Of-diagonal matrix elements

- Distort the band structure by E
- Additional current

Even a filled band can

support current

e.g., polarization current
quantum Hall current

Time-reversal b(k)=—b(—k)
Inversion b(k) = b(—k)

B b(k)=0




Berry Phase in k-space
v (r)=e"u_ (r) Bloch wavefucntion
a, (k) =—1< u,, | Vk | u , > Berry phase connection in k-space
X, =r+a, (k) — i@ki +a, (k) covariant derivative

[ x, y]= i(@kx a,, (k)— 5ky a (k))=1ib, (k) Curvature in k-space

dx(t) _i[x, H]= k——z[x ] oV _ k, L1 h (k)— OV Anomalous Velocity and
dt m oy m 0y  Anomalous Hall Effect
R kZ
Intracell

coordinates

<Unk [ Unk+Ak = = elan(k)Ak y | U ks Ak > P a, (k) P

Ak o | u, > ix

n X
Wannier
/\ coordinates
k k

X Y



Correct equation of motion
taking into account inter-band matrix element

—> N R
dt( ) ng )_Bn(k)x dt( ) anomalous  Luttinger,
Ok k-space velocity %Zunt,
curvature

d k(1) _ oV (r) —E(:)x dr(t)
dt 5: dt

r-space
curvature

Origin of the k-space curvature = interband current matrix

B (k)=VxA (k) Ak)=i<nk|V|nk>

How the wavefunction is connected in k-space
-> Berry phase



Band crossings and magnetic monopoles in magnets

E A

/“y /“y /“y

K, / K, k
k:zO i kz

mf
>k
k k k)-¢ (k
b= 2009450 8060 13 4000 1,090
H=nv(k—Kk,)-0c  Weyl fermion

nk-k,) Magnetic monopole kx/ \ky

b(k)=

2| k—k,[ in momentum space |



Anomalous Hall Effect in SrRuO3 - Magnetic Monopole in k-Space
Z.Fang et al. Scnence2003

— without SOC | |
— with SOC :

N

N

-2

DOS (States/eV f.u.)
o

L i L L | L
-1 -0.5 0o 0.5 1
Fermi Level Position (eV)

Small energy scale

0.02eV
Behavior like quantum

chaos




T ‘ T
— Single Crystal
— Film

— Ca-doped film

— Single Crystal
— Film

— Ca-doped film

- gir?gl_e _c&.ial i
- — Film
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-100
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-200
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@—®Single Crystal
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Magnetization M (1 /Ru)

c.f. T. Jungwirth et al
(Ga,Mn)As




Classification of Order Parameters

Time
reversal even odd
Inversion
Spin
even p M
charge density magnetization

spin polarization | current toroidal
current moment

Spin current

—

«—-1
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Spin Hall effect in semiconductors

; Eh.IJIk éaﬁs
CeE. (w1 x: current direction Yl
Jo = 1227 (kF _kF)Ez_eGsEZ y: spin direction 200 \_cp
z: electric field S 1
> 10} £
¢ | 'spintorbit int
| spin+or :
SU(2) analog of the QHE % ""“i;_-_-.::- Hﬂ‘}:.p
e topological origin _1,0;LH/, 780l N
o dissipationless (b) °
e All occupied states in the *h2 01 0 o1 o2
valence band contribute. . | oot
External electric field does not break ﬁ
time-reversal symmetry. |
Spin current is allowed in this system E
with time-reversal symmetry ,
. GaAs




Wave-packet formalism in systems with Kramers degeneracy

Let us extend the wave-packet formalism to the case with
time-reversal symmetry.

Adiabatic transport
= The wave-packet stays in the same band, but can transform inside the
Kramers degeneracy.

v,,(§,%.,1)) (n=H,L)

v, ()= [d’q (a,G.0)

Wnl(qﬂfc7t)>+a2(67t)

(zl(a,r)]z i (a@r))
Zz(qat) 1/61124-(122 az(é:t)

Eqg. of motion
(k=—cE
. OE" >

~k(z'Fyz) n=H,L

A

xl_
[




1.5um —?
channel

Experimental confirmation of spin Hall effect in GaAs
D.D.Awschalom (n-type) UC Santa Barbara
J.Wunderlich (p-type ) Hitachi Cambridge

150  1.51 1,52

Energy [eV]

Tix

7 1
i LL})]
/]LLDZ'
v

Wunderlich et al. 2004

L T T (C) 1
1.49 1.50 1.51 1.52
Energy [eV]




Solid angle by spins acting as a gauge field

lc,> c; >
k gauge flux © \ P o
S,  conduction \
S, electron
tiy = t0xlx)
=t (cos i cos i + sin Vi sin i exp(i(p; — gbi)))
2 2 2 2
Sj 0.
= tcos — exp(iaj;)
b, ~40007 for nm scale e

acquire a phase factor = Berry phase

scalar spin chirality
Fictitious flux (in a continuum limit) ()

@asi-<sgxsk>:% 5i
S;




Equation of motion

dx_ag+dkxb d_k:_e( O a’rxbj
dt ok dtr - 4

k-space bk

/-space br

Fermi surface

B, induced AHE B. induced AHE

0 -2 2 0
O, T ,p, €T 0, T ,p, T

“dissipationless” nature Cf. normal HE ,
p. =B/ne,oc ~o_ "B/ne
Xy > Xy xx




Pyrochlore Nd,Mo,0-

c
= N S I S
¥ 30 Nd Mo 204
o) = ](200) |
(L 20 — + I(111)_
{10 : ]

-
(=]

Resistivity (m gcm) ( M 32/2Nd2M0207)

0 15 _
(o]
=
m

1+ 71 =

1 =

0.5 10.5w
] o

||

0 ; : ] I

. e ey, 0 =
0 750 100 150 =

Mo 4d

Temperature (K)

Y. Taguchi, Y. Oohara, H. Yoshizawa,
N. N. and Y. Tokura., Science 2001



Spin chirality induced AHE in Nd,Mo,0;

Y. Taguchi et al. Science 2001 Total magnetic flux=0
&
B T 1 . T

\_% /\_% /\_2¢ /
| | | o &

E\ LI DL L | L L L L] "

| (100) VAN

¢
H=0.5T |+ -2¢ 20 X =2 20
) _ ANEEVA VA,
I |- (001) ¢ SN
= Td;tlua —2¢ =2 =20
4 , e 1- (100) b o
100 \/

~2¢ -2¢

Because of
multiple loop

P (107 Qem)

py (107° Qem)

i 70K
'. T S Elk /
IEIIEI 2 4 6 8 10 I
Magnetic fied(r}y | | SF | v /_L_[ 2
o (@) E
one flux quantum/(nm)?~4000T | {~MIR
- Berry phase in momentum space / 2lml
band crossing as monopole

Iguchi et al. PRL (2009)



Skyrmion as a topologically protected particle in magnets

a model for hardon T.H.R. Skyrme 1962
Skyrmion spin configuration

Mapping to
a sphere

—>

7,(S)=Z

The integral of the solid angle
= fopological number
How many times the mapping
wrap the unit sphere

Topological stability of skyrmion
as long as spins vary slowly



Skyrmions in MnSi

Pfleiderer, Rosch, Lonzarich, Loehneyzen et al

B20 structure without I-

a

Theoretical works:

symmetry > DM int,
D

(1l (1

DM interaction > twist

J .
Hs = /dgir [Q(Vn)2 + —n- [V xn| - P;Hn]

Bogdanov-Yablonskii 1989

E=JalD

Roessler-Bogdanov 2006

Binz-Vishwanath-Aji 2006~ (3~100)nm>>a

el al |

B/ <100> » b -
LA "
<100>1S ERtR=i k&‘}i‘w
032 3
. ) S B l‘f o ey P ' -y &

SR AR TR

‘-—A-Phasa . 0005 DA ogsr 00 h EP A NS DN

] au(A )

S. Mihlbauer et. al.,

N Science 323 915 (2009)



Lorentz TEM observation of Skyrmion crystal in (Fe,Co)Si

P .




X.Z.Yu, Y. Onose, N. Kanazawa, J. H. Park, J. H. Han, Y. Matsui, N. N. Y. Tokura
Nature (2010)

FM+Sk

s theorytical

o n
FM =

o

o
L
&

o

o
= B

25 30 35 :
T (K) Experiment T, Theory

Energy density ~D*/J=(D/J)’J ~107"J
Size ~ Jg/D>>a =) Slowlyvarying continuum approximation
=) Topological stability protected by Sk number

Energy cost due to discontinuous spin cahnge ~ J



Coupled dynamics of conduction electrons and Skyrmion
J.D.Zang, J.H. Han, M.Mostovoy, and N.N.

Effective EMF due to spin texture
acting on conduction electrons

( N

Se (I‘li)ﬁn X H)

L c 1.
€; = —()1'{10 — Eai’ —

L hi = [V xal; = 2—2511;: (n-dyn x Jyn).

Hint = —i fd?’ajj .a Coupling ferm

N Lorentz force

on on 1 on on
—+v-— —¢e|(E+e+ —|v X H+h)-,——
‘ ot Jx t ( c | ( ) oP T
Boltzmann equation
Iy 0H g
n = ;E j-V)n—~ [nx O,nb] +an x n|

— 5pin transfer torque LLG equation



Emergent electromagnetism

electron flow

,+*" topological

Hall effect
e S Sl g spin transfer A ‘,4"skyrmion
torque o AR e Hall effect
! .. - & _.._\"H‘fﬁ-\_‘. f y
. ¢ Lo -‘f‘,: . Y i
Gauge field i o & Wb® ¥
phenomena by skyrmions e“’| s /¢ )
.h_ﬁ___l _Jl__,-r"

emergent
electromagnetic induction

Also multiferroic skyrmions in insulating magnets S. Seki



"Electromagnetic induction”
J.D.Zang, J.H.Han, M. Mostovoy, and N.N. |4

Moving magnetic flux produces O VT
o o 710 T T T = s7a10 Wty a® T 8 " &0t 5o oo ]
the transverse electric field R L I
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Nature Phys. ('12)




Wannier function and its localization
N. Marzari and D. Vanderbilt, PRB56, 12847 (1997)

‘unR \/TZ _?‘L R‘Lnﬁ> ‘L”L \/_Z “TI R‘unﬁ

Wannler function Bloch function

1 : /

E '-kf«R —ik"-R E ik-(R—R") _

<l{ nR‘lL mR’ > j\r e’ ¢ < Unk ‘l_ 'm k! ) j\T 2)n m()k k'€ ) AR R"(s)n m
k k! N

Localization length of Wannier function

2ip = <'u-*’n[}‘A5%2 Wn, 0> — <u-’-n %2 -”n[]> <u n [}>2
j\r Z Z Yn. ” A + -n..k o Ai'??-)g}
Integral of quantum Berry connection which
metric over k depends on the gauge

giving the lower bound choice



Superfluidity of flat-band superconductor
Torma group, Bernevig group, S.A.Chen, K.T.Law, Phys. Rev. Lett. 132, 026002 (2024).

Hiy = /(EFLT( )?I( ) ¢( )LT( ) t.iI;JJ 'I' fzr)nk Cnko

Honeon it — —g&g/dlfqu ()l (@) + e

_ . |
N JAOZ ‘n—k+q/2 nk+q;2('U--nk+q/2|“n_;l._+qﬁ)+h.c..

*

I-U-ﬂ_kﬂm) = [t 02! I'(k,q) = (Unktq/2|tnk—q/2): T(k,q)?=1- Zgab(k)ﬁhﬁ'b
Time-reversal symmetry a.b

Fr =) (9= PX@)A@A9).  x(g) =33+ SNk PGk +a/2)C(~k +a/2
T wn k

q

- 1 tanh(fe,(k)/2 kineti tric
X2(q) = ZQaQ’b AN Z ( ol () )/ )gab(ﬁ;) Ps = :{}Slne e 4 {Jgeome re
a,b 4

G tric ¢ n’rr bution
eomeTtri o | 10 g \/gB“ 4+ [qm




Twisted Bilayer Graphene theory and experiment

T -4
Ky %
. }\T/ Theory

005 1 15 U005 1 15
k./Q ke /Q

. T S. Peotta, P. Torma (2015), Nature Commun. 6, 8944 (2015).

04} §=105 [+ Geom | e LG

s o X.Huetal., PRL 123, 237002 (2019)
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0
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ok Experiment
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Nonlinear responses



Directional response is useful

pn junction optical isolator

drift (due to E-field) y .
E [ —— e Total current density without Ghinie 'r
J resis;a;.r:ve ‘rl
R VANE
o r::z\t::;: "“M/\/\/V\Al
, thermal electr REVERSE DIRECT
hole pair crea bias bias
....... L), Driving voltage > m%ﬂ,\)\
Va=v V, -
Junction breakdown :
Zener effect or
avalanche breakdown
Schematic of pn-junction
http://quantumwise.com/ http://www.optique-ingenieur.org
publications/tutorials/item /en/courses/OPl ang MO05 C02/

/828-silicon-p-n-junction co/Contenu 09.html
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Non-reciprocal transport in non-centrosymmetric system

Time-reversal symmetry of microscopic dynamics vs irreversibility

o, (k,0,B)=0,,(—k,w,—B) Onsager's reciprocal relation for linear response

k— 1 6.L. J. A Rikken (2001)

R =R, (1 + BB? +|yBI)

Unbroken

Nonreciprocal Linear Nonlinear

Response Response Response
Shift current

Time-reversal Forbidden Nonlinear Hall effect

pn junction

~—__
—_—

-1

Berry curvature

Time-reversal
Broken

Optical ME effect
Magnetochiral effect

Nonreciprocal magnon
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Second order nonlinear and nonreciprocal transport
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Dissipation and geometry in nonlinear quantum transports offmultiband electronic systems

Yoshihiro Michishita®!" and Naoto Nagaosa'-*"
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Nonlinear Hall effect Moore-Orenstein PRL 2010

Sodemann-Fu PRL 2015
Q. Ma et al. Nature 2019
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Geometric nature of Floquet bands
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Shift current of excitons and electromagnons

Electron correlation = exciton formation in band insulator and i
magnetism in Mott Insulator
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Exciton and electromagnon also support the dc shift current



Shift current of excitons
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Shift current by phonon excitation in BaTiO3

Y.

Okamura et al. arXiv:2201.00133/PNAS 2022
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First-principles calculation of shift current in BaTiO3
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Riemannian geometry of resonant optical

responses Nature Physics 18, 290 (2022) c.f. Y. Gao, S.A. Yang, and Q. Niu, PRL2014
D. Kaplan, T. Holder, and B. Yan, 2022
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Geometry of transitions between Bloch states in solids
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Quantized Integrated Shift Effect in Multigap Topological Phases
Phys. Rev. Lett. 133, 186601 (2024)
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Photon-drag photovoltaic effects and quantum geometric nature
Ying-Ming Xie®' and Naoto Nagaosa®"" PNAS 122, e2424294122 (2025)

Finite wavevector of photon
Photovoltaic effect in centrosymmetric materials

Table 1. Quantum geometric nature of photon-drag
BPVE

Photon-drag response  L-shift  C-shift  L-inj/fs  C-inj/fs

Geometry quantity G, 0kQ Q0§ G, %G Q, 9 Q
T condition X — — X

Here, G and Q represent the quantum metric tensor and the Berry curvature, respectively.
The cross symbol indicates that time-reversal symmetry must be broken.

A

—— Shift current
| 5 0 /\/

= Other currents

0 0.5 1
Polarization angle o/Tt

Photocrrents (a.u.)
[

Fig. 1. (A and B) schematically show the nonvertical photoexcitations in
insulators (or semiconductors) and semimetals due to the presence of finite
photon-momentum q. In the presence of Fermi surfaces, the intraband
photoexcitations appear [red dashed line in (B)]. (C) A light incident onto
a sample with an angle 8, where xyz (x"y’z" ) labels the sample (incident light)
frame. (D) schematically show that the photon-drag induced shift current
follows a polarization dependence of Csin(2a), while other currents show
L1 sin(4a) + Ly cos(4a) + D in nonmagnetic centrosymmetric materials.
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Summary and Perspectives

Geometric view of quantum physics - ubiquitous due to wave-particle duality
Berry phase as an emergent electromagnetic field

Quantum metric as an emergent gravity

Electrons in solids as an ideal laboratory to study emergent field theory
Linear and nonlinear responses as manifestations of quantum geometry
Topological states as a global aspect of quantum geometry

Non-Abelian generalization

Higher-dimensional spaces including r k, c1,c2,,,,..
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