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1. Geometry in quantum mechanics   - Berry curvature and metric
2. Band structure as manifold in Hilbert space  

- quantum geometric tensor of Bloch wave function    
3. Linear response and quantum geometry
4. Nonlinear and nonreciprocal responses in quantum materials
5. Quantum metric in flat-band superconductors
6. Nonlinear optics as quantum geometric phenomena 
7. Summary and perspectives 

Plan of this talk



Manifold in Hilbert space

C

Subspace of Hilbert space parametrized by
the parameter set 

Often by the energy eigenvalues separated by gap

This subspace is regarded as a manifold, and can be 
analyzed by differential geometry and topology.
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Berry connection and Berry curvature

depends on the parameter set 

Berry connection 

Berry curvature
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M.V.Berry, Proc. R.Soc. Lond. A392, 45(1984)

gauge trans.



Quantum metric 

distance between the two neighboring w.f.

quantum metric tensor



Quantum Geometric Tensor
Quantum state which depends on the parameter set 𝝀𝝀 = (𝝀𝝀𝟏𝟏,⋯, 𝝀𝝀𝒏𝒏)

Projection operator  - gauge invariant   

Quantum geometric tensor

Berry connection 

Quantum distance between the 
neighboring states   quantum metric

Berry curvature

𝜼𝜼𝒊𝒊∗𝑮𝑮𝒊𝒊𝒊𝒊𝜼𝜼𝒋𝒋 ≥ 𝟎𝟎 Positive definite



Quantum geometric tensor of an eigenstate of Hamiltonian 

Feynman-Hellmann theorem

𝐺𝐺~1/ℎ(𝜆𝜆)2

2x2 Hamiltonian

Monopole singularity at ℎ 𝜆𝜆 = 0



Linear response and quantum geometry

Kubo formula

𝒏𝒏 = 𝒎𝒎 𝒏𝒏 ≠ 𝒎𝒎

TKNN formula



Linear response and quantum geometry  - Sum rule

Absorptive part of conductivity

For insulator  𝝎𝝎 ≥ 𝑬𝑬𝒈𝒈 𝑮𝑮𝝁𝝁𝝁𝝁 ≥
𝒏𝒏
𝑬𝑬𝒈𝒈

𝜹𝜹𝝁𝝁𝝁𝝁



arXiv:2507.12836



Intra- and Inter-band matrix elements of current
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Wavefunction matters !!

Of-diagonal matrix elements

- Distort the band structure by E
- Additional current 

Even a filled band can 
support current
e.g., polarization current

quantum Hall current
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Berry Phase in k-space
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Anomalous Velocity and
Anomalous Hall Effect
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Correct equation of motion 
taking into account inter-band matrix element
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Origin of the k-space curvature = interband current matrix

Luttinger,
Blount,
Niu

How the wavefunction is connected in k-space
 Berry phase



Band crossings and magnetic monopoles in magnets 

Weyl fermion

Magnetic monopole 
in momentum space 



Anomalous Hall Effect in SrRuO3  - Magnetic Monopole in k-Space

Small energy scale 
0.02eV 
Behavior like quantum
chaos

)(kbz
n

Z.Fang et al. Science2003



c.f. T. Jungwirth et al
(Ga,Mn)As



Classification of Order Parameters

even odd

even

odd

M


P


T


,j

magnetization

polarization toroidal 
moment

Time
reversal

Inversion

,sj
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currentspin 
current

ρ
charge density

Spin current

Spin 
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Spin Hall effect in semiconductors

x: current direction
y: spin direction
z: electric field

SU(2) analog of the QHE
• topological origin
• dissipationless 
• All occupied states in the 

valence band contribute.

GaAs
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
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External electric field does not break 
time-reversal symmetry.
Spin current is allowed in this system 
with time-reversal symmetry

spin-orbit int.



Let us extend the wave-packet formalism to the case with 
time-reversal symmetry.

Adiabatic transport
= The wave-packet stays in the same band, but can transform inside the 

Kramers degeneracy.     

Wave-packet formalism in systems with Kramers degeneracy
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Wunderlich et al. 2004

Experimental confirmation of spin Hall effect in GaAs
D.D.Awschalom  (n-type) UC Santa Barbara
J.Wunderlich (p-type )           Hitachi Cambridge



Solid angle by spins acting as a gauge field

gauge flux Φ

Si

Sj

Sk

|ci＞ |cj＞

Fictitious flux (in a continuum limit)

conduction
electron

acquire a phase factor = Berry phase

scalar spin chirality

scale nmfor   4000Tbeff ≈



k-space

e-
Fermi surface

r-space
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Spin chirality induced AHE in Nd2Mo2O7
Total magnetic flux=0

Because of 
multiple loop 

Y. Taguchi et al. Science  2001

Iguchi et al. PRL (2009)

one flux quantum/(nm)2~4000T !
 Berry phase in momentum space

band crossing as monopole 



Mapping to 
a sphere

The integral of the solid angle 
= topological number 

How many times the mapping
wrap the unit sphere 

Skyrmion as a topologically protected particle in magnets
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Skyrmion spin configuration

Topological stability of skyrmion
as long as spins vary slowly

a model for hardon T.H.R. Skyrme  1962 



Pfleiderer, Rosch, Lonzarich, Loehneyzen  et al

Skyrmions in MnSi

B20 structure without I-symmetry  DM int.

S. Mühlbauer et. al., 
Science 323 915 (2009)

DM interaction  twist 

a
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=
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Theoretical works:
Bogdanov-Yablonskii 1989
Roessler-Bogdanov 2006
Binz-Vishwanath-Aji 2006



Lorentz TEM observation of Skyrmion crystal in (Fe,Co)Si



Nature (2010)
X. Z. Yu, Y. Onose, N. Kanazawa, J. H. Park, J. H. Han, Y. Matsui, N. N. Y. Tokura

TheoryExperiment

Energy density  
Size 

JJJDJD 422 10~)/(/ −=≈
aDJa >>≈ / Slowly varying  continuum approximation 

Topological stability protected by Sk number
J≈Energy cost due to discontinuous spin  cahnge 



Coupled dynamics of conduction electrons and Skyrmion

Effective EMF due to spin texture 
acting on conduction electrons

Coupling term

Boltzmann equation

LLG  equation

Lorentz force

J.D.Zang, J.H. Han, M.Mostovoy, and N.N.

Spin transfer torque



Gauge field 
phenomena by skyrmions

Emergent electromagnetism

Also multiferroic skyrmions in insulating magnets    S. Seki 
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Topological 
Hall effect

“Electromagnetic induction”
J.D.Zang, J.H.Han, M. Mostovoy, and N.N.

||V

C. Pfleiderer, 
A.Rosch et al.  
Nature Phys. (‘12)



Wannier function and its localization
N. Marzari and D. Vanderbilt, PRB56, 12847 (1997)

Wannier function Bloch function

Localization length of Wannier function

Integral of quantum 
metric over k 
giving the lower bound

Berry connection which 
depends on the gauge 
choice



Superfluidity of flat-band superconductor
Torma group, Bernevig group,     S.A.Chen, K.T.Law, Phys. Rev. Lett. 132, 026002 (2024).

Time-reversal symmetry

Geometric contribution



Twisted Bilayer Graphene  theory and experiment

Experiment
H. Tian et al., 
Nature 614 (7948), 440–444 (2023)

Theory

S. Peotta, P. Torma (2015), Nature Commun. 6, 8944 (2015). 
X. Hu et al., PRL 123, 237002 (2019)



Nonlinear responses



http://quantumwise.com/
publications/tutorials/item
/828-silicon-p-n-junction

http://www.optique-ingenieur.org
/en/courses/OPI_ang_M05_C02/
co/Contenu_09.html

Directional response is useful

pn junction optical isolator

https://www.google.co.jp/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=0ahUKEwj0-qujh5vNAhULp5QKHVJWAfkQjRwIBw&url=http://quantumwise.com/publications/tutorials/item/828-silicon-p-n-junction&psig=AFQjCNEvtcGSRZSxNDAMo0RKH-mpVurmEQ&ust=1465565512562765
http://quantumwise.com/
http://www.optique-ingenieur.org/
http://www.optique-ingenieur.org/
http://www.optique-ingenieur.org/
http://www.t.u-tokyo.ac.jp/epage/release/201407_takahashi_fig.jpg


Non-reciprocal transport in non-centrosymmetric system

+I

-I

R = R0 (1 + βB2 + γBI)
),,(),,( BkBk −−= ωσωσ νµµν Onsager’s reciprocal relation for linear response

Ik → G. L. J. A. Rikken (2001)

Time-reversal symmetry of microscopic dynamics  vs   irreversibility  

Y. Tokura and N. Nagaosa, 
Nature Commun. 2018

Berry curvature



Second order nonlinear and nonreciprocal transport

Boltzmann transport   both T and P broken

Nonlinear Hall effect
Berry curvature dipole

Correction to Berry connection by E

Intrinsic nonreciprocal transport 
due to quantum metric

Y. Gao, S.S. Yang, and Q.Niu, PRL112, 166601 (2014)



Contribution 
From Matsubara poles

Drude and Geometric 
contributions 

Usually the contour integral is 
reduced to that along the real axis.

See also D. Kaplan, T. Holder, and B. Yan, 2022



Berry curvature dipole term Chirstoffel symbol term Generalized Berry curvature term

Geometric terms in nonreciprocal conductivity



Nonlinear Hall effect Moore-Orenstein PRL 2010
Sodemann-Fu PRL 2015
Q. Ma et al. Nature 2019  

dipole moment 
of Berry curvature



MnBi2Te4

Intrinsic term



Nature 2013

Bulk photovoltaic effect 
in noncentrosymmetric crystal 
 Shift-current ?

Calculation of shift current

R. von Baltz and W. Kraut, Physical Review B 23,5590 (1981).
J. Sipe and A. Shkrebtii, Physical Review B 61, 5337 (2000).
S. M. Young and A. M. Rappe, Phys. Rev. Lett. 109, 116601 (2012) 



Geometric nature of Floquet bands

Shift-current
Even order response to E

Conduction and valence bands 
are coupled to particle bath
Independently 

kdb ∂∂= / Current

T.Morimoto and N.N.
Science Adv. 2, 
E1501524 (2016) 

Floquet bands Non-radiative 
relaxation

Stimulated 
emission



Electron correlation  exciton formation in band insulator and 
magnetism in Mott Insulator

Exciton and electromagnon also support the dc shift current

Shift current of excitons and electromagnons

T. Morimoto and N. Nagaosa, 
Phys. Rev. B 94, 035117(2016). T. Morimoto and N. Nagaosa 

Phys. Rev. B100, 235138 (2019)



M. Nakamura, M. Kawasaki, G.Y. Guo  et al., 
Nature Communications 15 (1), 9672 (2024)

Opposite 
shift current
for exciton vs.  
continuum

Zincblende with
broken-inversion
along (111)

Rydberg

CdS Sotome et al. PRB2021

Shift current of excitons 



Shift current by phonon excitation in BaTiO3

Y. Okamura et al. arXiv:2201.00133/PNAS 2022

THz region 
phonon excitation

Energy gap
~ 3eV

DC component of photo-current due to phonon excitation in ferroelectrics
Photo-current without photo-carriers in insulator



First-principles calculation of shift current in BaTiO3



second order shift current

third order optical conductivity

c.f. Y. Gao, S.A. Yang, and Q. Niu, PRL2014
D. Kaplan, T. Holder, and B. Yan, 2022

Nature Physics 18, 290 (2022)



Geometry of transitions between Bloch states in solids

base of tangential space

matrix 
Berry phase

inner product and 
quantum metric

connection

curvature



Phys. Rev. Lett. 133, 186601 (2024)

For real Bloch w.f.  Fsym is related 
to non-Abelian top. Number 



PNAS 122, e2424294122 (2025)

Finite wavevector of photon 
Photovoltaic effect in centrosymmetric materials 



Summary and Perspectives

1. Geometric view of quantum physics - ubiquitous due to wave-particle duality 
2. Berry phase as an emergent electromagnetic field 
3. Quantum metric as an emergent gravity 
4. Electrons in solids as an ideal laboratory to study emergent field theory 
5. Linear and nonlinear responses as manifestations of quantum geometry
6. Topological states as a global aspect of quantum geometry 
7. Non-Abelian generalization 
8. Higher-dimensional spaces including r,k, c1,c2,,,,,, 
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